Abstract. We review the developments in modeling gravitational recoil from merging black-hole binaries and introduce a new set of 20 simulations to test our previously proposed empirical formula for the recoil. The configurations are chosen to represent generic binaries with unequal masses and precessing spins. Results of these simulations indicate that the recoil formula is accurate to within a few km/s in the similar massratio regime for the out-of-plane recoil.
Introduction
The field of Numerical Relativity (NR) has progressed at a remarkable pace since the breakthroughs of 2005 [1, 2, 3] with the first successful fully non-linear dynamical numerical simulation of the inspiral, merger, and ringdown of an orbiting black-hole binary (BHB) system. In particular, the 'moving-punctures' approach, developed independently by the NR groups at NASA/GSFC and at RIT, has now become the most widely used method in the field and was successfully applied to evolve generic BHBs. This approach regularizes a singular term in space-time metric and allows the black holes (BHs) to move across the computational domain. Previous methods used special coordinate conditions that kept the BHs fixed in space, which introduced severe coordinate distortions that caused orbiting-BHB simulations to crash. Recently, the generalized harmonic approach method, first developed by Pretorius [1] , has also been successfully applied to accurately evolve generic BHBs for tens of orbits with the use of pseudospectral codes [4, 5] .
Since then, BHB physics has rapidly matured into a critical tool for gravitational wave (GW) data analysis and astrophysics. Recent developments include: studies of the orbital dynamics of spinning BHBs [6, 7, 8, 9, 10, 11, 12] , calculations of recoil velocities from the merger of unequal mass BHBs [13, 14, 15] , and the surprising discovery that very large recoils can be acquired by the remnant of the merger of two spinning BHs [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 9, 29, 30, 31] , empirical models relating the final mass and spin of the remnant with the spins of the individual BHs [32, 33, 34, 35, 36, 37, 38, 39] , comparisons of waveforms and orbital dynamics of BHB inspirals with post-Newtonian (PN) predictions [40, 41, 42, 43, 44, 45, 46, 47] , and simulations reaching mass ratios [48] q = 1/100.
Kicks and Super-kicks: A brief history
The first in-depth modeling of the recoil from the merger of non-spinning asymmetric BHBs was done in Ref. [15] , where it was shown that the maximum recoil is limited to ≈ 175 km s −1 . Soon after, other groups showed that the maximum recoil for spinning binaries is much larger. In Ref. [16] and [30] (which were released within a few days of each other), it was shown that the maximum recoil for a spinning binary with one BH spin aligned with the orbital angular momentum and other anti-aligned id 475 km s −1 . Within a day of the initial release of the preprint for Ref. [16] , our group released a preprint [17] for more generic spin and mass configurations, showing that the recoil is considerably larger if the spins are anti-aligned and pointing in the orbital plane. In [17] we measured recoil velocities beyond the maximum predicted for the configurations in [16, 30] .
An initial analysis of the results in [17] indicated that the maximum velocity exceeded 1300 km s −1 for spins lying in the orbital plane. This initial estimate was based on two 'generic' configurations. A subsequent analysis that incorporated the angular dependence of the projection of the spin on the orbital plane, showed that the maximum recoils is ∼ 4000 km s −1 [49] . Based on our conclusions in the preprint of [17] , the group at Jena performed a set of two simulations in this 'maximum-kick' configuration and measured recoils of around 2600 km s −1 . Our modeling showed that this recoil velocity actually depends sinusoidally on the angle that the spins make with the infall direction. By evolving a set of configurations with spins at different initial angles in the orbital plane, we found that the recoil reaches a maximum of ∼ 4000 km s −1 [18, 63] . In Ref. [49] , as part of our analysis, we proposed an empirical formula for the recoil based on post-Newtonian expressions for the radiated linear momentum. The formula correctly predicts the sinusoidal dependence of the 'maximum-kick' recoil.
In Ref. [26] the recoil for unequal-mass, spinning binaries, with total spin equal to zero and individual spins lying in the initial orbital plane, was measured. These S = 0 configurations are preserved under numerical evolution and lead to minimal precession of the orbital pane. Interestingly, they found that the recoil scales with the cube of the mass ratio q, rather than the expected q 2 seen in post-Newtonian expressions for the recoil. In a subsequent study [19] , our group found that the recoil scales as q 2 for the more astrophysically important precessing case.
Phenomenological modeling of the recoil
In [17] we introduced an empirical formula for the recoil, augmented in [39] which has the form.
where η = q/(1 + q) 2 , the index ⊥ and refer to perpendicular and parallel to the orbital angular momentum respectively,ê 1 ,ê 2 are orthogonal unit vectors in the orbital plane, and ξ measures the angle between the unequal mass and spin contribution to the recoil velocity in the orbital plane. The constants H S and K S can be determined from new generic BHB simulations as the data become available. The angles, Θ ∆ and Θ S , are the angles between the in-plane component of ∆ = M ( S 2 /m 2 − S 1 /m 1 ) or S = S 1 + S 2 and the infall direction at merger. Phases Θ 0 and Θ 1 depend on the initial separation of the holes for quasicircular orbits. A crucial observation is that the dominant contribution to the recoil is generated near the time of formation of the common horizon of the merging BHs (See, for instance Fig. 6 in [50] ). The formula (1) above describing the recoil applies at this moment (or averaged coefficients around this maximum generation of recoil), and has proven to represent the distribution of velocities with sufficient accuracy for astrophysical applications. Recently, in Ref. [51] a very similar formula was proposed.
The most recent published estimates for the above parameters can be found in [19] and references therein. The current best estimates are: A = 1.2 × 10 4 km s −1 , B = −0.93, H = (6.9 ± 0.5) × 10 3 km s −1 , K = (6.0 ± 0.1) × 10 4 km s −1 , and ξ ∼ 145
• . Note that v is maximized when q = 1 (i.e. equal masses), the in-plane spins are maximal (α 1 = α 2 = 1), and the two spins are anti-aligned.
In this paper, we use a new set of simulations of precessing binaries to test the recoil formula and obtain a new estimate for K S .
Numerical Techniques
To compute the numerical initial data, we use the puncture approach [52] along with the TwoPunctures [53] thorn. In this approach the 3-metric on the initial slice has the form γ ab = (ψ BL + u) 4 δ ab , where ψ BL is the Brill-Lindquist conformal factor, δ ab is the Euclidean metric, and u is (at least) C 2 on the punctures. The Brill-Lindquist conformal factor is given by
where n is the total number of 'punctures', m p i is the mass parameter of puncture i (m p i is not the horizon mass associated with puncture i), and r i is the coordinate location of puncture i. We evolve these BHB data-sets using the LazEv [54] implementation of the moving puncture approach [2, 3] with the conformal factor W = √ χ = exp(−2φ) suggested by [11] For the runs presented here we use centered, eighth-order finite differencing in space [55] and an RK4 time integrator (note that we do not upwind the advection terms). We use the Carpet [56] mesh refinement driver to provide a 'moving boxes' style mesh refinement. In this approach refined grids of fixed size are arranged about the coordinate centers of both holes. The Carpet code then moves these fine grids about the computational domain by following the trajectories of the two BHs.
We use AHFinderDirect [57] to locate apparent horizons. We measure the magnitude of the horizon spin using the Isolated Horizon algorithm detailed in [58] . This algorithm is based on finding an approximate rotational Killing vector (i.e. an approximate rotational symmetry) on the horizon ϕ a . Given this approximate Killing vector ϕ a , the spin magnitude is
where K ab is the extrinsic curvature of the 3D-slice, d 2 V is the natural volume element intrinsic to the horizon, and R a is the outward pointing unit vector normal to the horizon on the 3D-slice. We measure the direction of the spin by finding the coordinate line joining the poles of this Killing vector field using the technique introduced in [8] . Our algorithm for finding the poles of the Killing vector field has an accuracy of ∼ 2
• (see [8] for details). Note that once we have the horizon spin, we can calculate the horizon mass via the Christodoulou formula m
, where m irr = A/(16π) and A is the surface area of the horizon. We measure radiated energy, linear momentum, and angular momentum, in terms of ψ 4 , using the formulae provided in Refs. [59, 60] . However, rather than using the full ψ 4 , we decompose it into and m modes and solve for the radiated linear momentum, dropping terms with ≥ 5. The formulae in Refs. [59, 60] are valid at r = ∞. We obtain accurate values for these quantities by solving for them on spheres of finite radius (typically r/M = 50, 60, · · · , 100), fitting the results to a polynomial dependence in l = 1/r, and extrapolating to l = 0 [3, 61, 44, 62] . Each quantity Q has the radial dependence Q = Q 0 + lQ 1 + O(l 2 ), where Q 0 is the asymptotic value (the O(l) error arises from the O(l) error in r ψ 4 ). We perform both linear and quadratic fits of Q versus l, and take Q 0 from the quadratic fit as the final value with the differences between the linear and extrapolated Q 0 as a measure of the error in the extrapolations. We found that extrapolating the waveform itself to r = ∞ introduced phase errors due to uncertainties in the areal radius of the observers, as well as numerical noise. Thus when comparing Perturbative to numerical waveforms, we use the waveform extracted at r = 100M .
In order to model the recoil as a function of the orientation and magnitudes of the spins, we use the techniques introduced in [19] to locate the approximate orbital plane at merger and 3D rotation such that infall directions are the same for each simulation. Briefly, this technique uses three points on the trajectories, given by fiducial choices of the BH separations, to define the orbital plane and preferred orientation.
Simulations
Config Table 1 . Initial data parameters for the quasi-circular configurations. The punctures are located at r 1 = (x 1 , 0, 0) and r 2 = (x 2 , 0, 0), with momenta P = ±(0, P, 0), spins S 1 = (S x , S y , 0), S 2 = −q S 1 , mass parameters m p . The configuration are denoted by QXXXTHYYY where XXX gives the mass ratio (0.33, 0.50) and YYY gives the angle in degrees between the initial spin direction and the y-axis. In all cases the initial orbital period is M ω = 0.05 and the spin of the smaller BH is α = 0.72. Initial data parameters for the Q50TH000 and Q33TH000 configurations are given. The remaining configurations are obtained by rotating the spin directions, keeping all other parameters the same. For the RQ33THxxx configurations, S 2 is rotated by 90
• with respect to the corresponding Q33THxxx configuration.
We evolve a set of configuration that initially have ∆ = 0, as well as a set of configuration with one spin rotated by 90
• for mass ratios q = 1/3 and q = 1/2. The initial data parameters are summarized in Table 3 . Note that the ∆ = 0 configurations are unstable in the sense that the system quickly evolved towards a nontrivial ∆. In particular, at merger, where most of the recoil asymmetry is generated, the binary reaches a generic configuration regarding the spin orientations given the strong differential precession of each BH spins.
Results
In Table 2 we summarize the results of the simulations. The table shows the radiated energy and recoil (prior to any rotation). Note that these results can be used in additional fits of the final remnant BH formulae for the mass, spin, and recoil velocity of the remnant, as was done in Ref. [39] Table 2 . The radiated energy and recoil velocities for each configuration. Note that some of the error estimates, which are based on the differences between a linear and quadratic extrapolation in l = 1/r of the observer location, are very small. This indicates that the differences between the extrapolation can underestimate the true error. All quantities are given in the coordinate system used by the code (i.e. the untransformed system). Table 3 gives the components of the radiated angular momentum in the original x, y, z frame (that of the initial data) using the Cartesian decomposition as in Ref. [60] .
In Table 4 we give the recoil velocities in a frame rotated such that the orbital Table 3 . The radiated angular momentum. Note that some of the error estimates, which are based on the differences between a linear and quadratic extrapolation in l = 1/r of the observer location, are very small. This indicates that the differences between the extrapolation can underestimate the true error. All quantities are given in the coordinate system used by the code (i.e. the untransformed system).
plane coincides with the xy plane and the infall direction in this plane is fixed. In order to fit the data, we chose K = 5.9 × 10 4 based on previous work [17, 19, 63] and then fit the Q50 simulations for K S , Θ 0 , and Θ 1 . We found K s = −4.2 ± 1.8. While, K and K S are fixed, Θ 0 and Θ 1 depend on the configuration. To obtain these angles we fit the the recoil formula for the Q33Txxx and RQ33Txxx configurations separately. We then compared the predicted recoil for each configuration with the measured recoil. The results are summarized in Table 4 . Note that the errors are typically less than 6 km s −1 . The largest relative errors are ∼ 3.3%, with most errors lying between ∼ 1% and ∼ 2%, rendering the empirical formula accurate for most astrophysical applications. We plot the measured out-of-plane recoil and prediction in Fig. 1 . An attempt to fit the in-plane recoil produced errors of the order of 50km s −1 . This can be traced to three main sources the errors. The uncertainty in how the the recoils produced by unequal masses and out-of plane spins contribute to the total in-plane recoil, the error in the measurement in the out-of-plane spine due to errors in measuring the orientation of the orbital plane at merger, and, as pointed out in [19] , effects of precession on the in-plane recoil. We note that the dominant out-of-plane recoil is well modeled. Table 4 . The recoil velocities after rotation and a comparison of the out-of-plane component of the recoil (in coordinates aligned with the orbital plane at merger) with the predictions of the empirical formula with coefficients K = 5.9 × 10 4 and K S = −4.25401.
Conclusion
We report here on a new set of generic simulations, with no symmetries and different choices of the binary's mass ratio and spin direction and magnitudes. We compute the radiation emitted by this binaries, and in particular focus on the magnitude and direction of the final recoil of the merged BH. While this set of runs can be used for fitting to additional subleading terms in the empirical formulae for the remnant BH recoil, we choose to use them to test the previously fitted values, extended to include effects linear in the spin, as accurate determinations of these parameters will require many more simulations. In this paper we showed that the empirical recoil formula provides accurate predictions for the recoil velocity from BHB mergers for the new sets of configurations. These configurations have fewer symmetries than previous comparisons Table 4 . The configurations are labeled 1-20 starting from Q50TH000 as ordered in Table 4 .
and can be considered of generic nature regarding spin orientations and intermediate mass ratios and spin magnitudes. This shows that our empirical formula (1) can be used as a first approximation for astrophysical studies of statistical nature, as we did in Ref. [64] and also used for realistic recoil magnitudes and direction when modeling the observational effects of recoiling BHs in a gaseous environment such as accretion disks [65] .
